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M" 1. ﬁga:;éﬁisi;;;; and ct#dy of inveriant quamitiea; i.2. »qaa%ities,
undorgolng relatiwely 1z,nle chmg?dming mwtion with some velocity, has

for s long time sceupled & laxge place im metgorological i:zveutigmiona. 1t
foliowes. to raemgmiwa thic 2a 'qﬁm,m&tuml, since the basic proparties of a
p.‘:’o#esa an thé’vnry jarge scsle are characterised by those (factore), nunsly
wﬁmt quantitics appéa'z: to be invariant and wh:ati i¢ tm'advectian veloci‘t:y of
theze iw&tia&t quantitian. ‘

" f¢'is well koown how great the practical significance of "eonservative”
quantities (which appear, evidently, as ous o%é.he forms of the mvaz‘iane
q,&mtitim} iz in the m;.ys:la of aﬁm&pharic procewas. i is agxfﬁcient:

o ;soﬁn.. o the application of potentisl and equival.ent.apcmntial tampera- ~
ture in MMmmiga of tha atmosphérs, apd to numereus applications “of
Bernoulii's equatioa, the purpose of which congists in the detsrainatiocn

of & @maw&twm gquanticy for és@ablinh-sé pracﬁues, taking plece in so
‘i.umywmﬁble idesl fluid or in ; bmfoz:régzie {1deal wedium, |

I is koown that the guaatity

[}_ 2' +;} f.?}/: I,.__

‘vhere .\? 1s the velocity, j" is the seceleraticn of gravity, /59 is
pressure and f’ is the density of the air, does not remein strictly cﬁnstmc
along the iines of flow (just by virtue of the presence of viscosity, not®
wention ot effocis). ﬁwerthalssu , tha application of the Barnoulll

squation toz@thar with the condicioa of congservation of potential tempera:ure .




permiﬁs uthd'sclve;—quiﬁe:Sﬁfficiéhtiy fof:p§act£§a1 éccuracy,'a great
numbér of aerodynaﬁic,'technical and meteorologicalipxoﬁlems. 'To_ﬁind;a
dynéﬁic c@aracteristic, which is éonserved during gonwstationary
atmospheric processes with approximately the séﬁe &egreéAof accuraéy as-
_tbg quantity ES dﬁring established processés, means it would
considexrably facilitaﬁelmany meteorolégical ;nvestigatiogs, 'However, unti.
,récently, almost 511 the accomplished traﬁsformations of thé dynamic.equa-
‘tions of the atmosphere for the purpose of the establishment of invariant
quantities has been based on serious simplifications of the actual relatic
betwaen metecrological quantxties.' As a result the properties of the
invariance of such quantities js realihad only highly approximately.

-The work of Gharnny [8l, who approached quite close to the determxnﬂ
of an invariant, the expression for which is given later [formula (13)],'4
of signif;cant interest. However, as far as a suitable conclusion realize
with the neglect of terms of the equations'of the first order of smallness
_ghay relation (13) defines a quantify, invariant only as a first approxim:

We shall see shortly, that quantities of the flrst order of smallnes
usually conctitute 15-20% of the main terms of the equatiopns, so.that the
neglect of several such terms can lead to relatively significant errors.
the present woxk specxal transformations o%ﬁhe equations are realized whi
permit us to obtain an invariant of the second approximation, i.e. limit
ourselves to neglect of terms of the second order of smallness. But
first it 1ls necessary to.make thé concept of large scale atﬁospheéic
‘processes more precise and to éxgmine the basicvcharacteristics of their
relation. | .

2. First of all, lét us note, that for the classification of
atmosphe?ic motions the criteria of Reynolds and Froude (which are usuall
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atmospheric motions studied by dynamic meteorology, the Reynolds number

is very great and on the strength of this it appears possible to neglect
the molecular viscousity (with the exception of the aiv film, of thickpess

) . A . s R ' P A pnT gt -
of the order of & millimeter, which directly borders the underlying surfac.

Froude number, in almost all the motions considered in dynamic

rrey
an

14

meteorology (excepting hurricanes, tornadoes, ete., and also wmotlon in
cumulus clouds) ié very small. Therefore, practicaily, it 1s possible 'to
consider tﬁé vertical conponent of the inertia force as a small additian tc
the force of gravity, while in a majority of cas;s these additions are
simply neglacﬁed. For that reason, in the nature of a fundamental
eriteria for the classificatién of atmospheric motions, it is suitable to
use the ratio of the horizontal components relative to the Coriolis
acceleration of the air particles.
Introducing the designations:
{/ is the horizontal velocitf of the air motion
relative to the earth, L. s the scale of the motion,
£ = jﬁa?;b%fﬂé , where (2 1is the angular véloaity
of the earth's rotation, ;ﬁ is latitude, De o is

the ratio of the above mentioned accelerations, we obtain

)
v

=

CAu= gy

(L pe - <

1

We shall call the motion, in which the relative acceleratian appears

, o 174 . :
: Fad ' i l/ st s » LY ¥ "
to be determined for ( Lo L4 small-gsecale; motion, in which the
A 2 > )

!

' v
Coriolis zcceleration appears to be determined for ( L. o> Z / B
. -~

large scale and, finally, motion, in which both the accelerations considere.
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have ﬁhe same orxder, medium—scalé; For a quantitative estimation of the
: characteristié scales of the three classes of motion mentioned, it is
necessary to remember, that the quantity (/  has been related to L
[51.

Carcying out the corresponding estimations, it is possible to conving
yourself, that outszide equatorial regidnstmotions of scales up to 100 mete:
inclusively, as a rule, are regarded as small-scale; motions of scales of
kilometers and tens of kilometers (in particular, breezes) -- medium-scale
and hundreds and thousands of kilometers -- large-scale.

Considering, that %% repreéents the characteristic value of the

vertical component of relative vorticity _{) it is still possible to

2

write down the:criteria for large~scale processes in sﬁch a form
2y :% L4 ]

Let ue note that' .12 represents the vertical component of the
vorticity of the fundamental motion (vorticity of the earth's rotation(?)~
Trans.}. Therefore large-scale motion is characterized by that‘éondition}
that the vertical component of the vortiéity of the fundamental motion of
particles many times exceeds the vef?;cal componeﬁt of the relative vortici

Condition (1) is often uséd for the simplification of the dyﬁamic
eqﬁations of the atmosphere, geginning with the known work of Kibel [3].
Here in the Fridman equation for the change of vorticity terms of the firs
order of smallness are neglected (i.e. quantities, the ratio of which to !
main teims of the equation have the order =%% ) and correspondingly ir
‘the equations of horizontal motion quaﬁtities of the second order of
smalloess, For such.simplifications it proves to be possible to obtain o
the invariant of the first approximation, so that we shall have to carrxy o
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a more detailed analysis of the smallneés of the various quantities.

3. In the work {6], an estimation of the terms of the_equations of
horizontal moticn end heat flow was made, and also considered were the twt
equations, obtained by the application of the voftiaity énd divergence
oéeration to the vector egquation for horizontal acceleration. From carry:
out the analysis further the following conclusions are of interest.

| (a) It is possible to take the characteristic value'éféhe r;tio
equal to 0.2 for macro—scaie notion for the characteristic length L

. - . f
the order of 300-500 km. Further, quantities, having the order ﬁzé

- ~ i
" we shall designate through .{;

DI/
(b) The ratic of the divergence of the horizontal velocity e 7

to { produces a value of second order of smallness, i.e.

0[’1()/ Jf/]’“

(0[/] — oprder of the quantity /(/

(¢) 7The ratio of the quantities

N 7
25 ., DV

ABTE Vs 35
7

-

where bé is the horizontal component of velocity { e ox L’) PR

is the horizontal coordinate (X'onl/ /- P 2 is height, 1}V, I3
vertical velocity, ™ is a quantity the order of & . However
o7 o7

the quantities W o and
ed Va; Vs 25

have thevsame order in the free
atmosphere.

(d) Neglect of turbulent friction for the macro-scale motions stu
in the free atmosphere'seems to be in general sufficiently justified.
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Proceeding from the 1ast uoﬁclusion, in the future let us consider
the equations of an ideal fluid Let us‘also reg§rd the mot;on in the
free atmosphere as adiabatic, leaning on the fact of the smallness of heat
flow, shown by C. C. Gaigerbv and V; 6. Kastrov [1], [Zjlon the basis of
data of special free-balloon investigations. bTh;s, the invariance of
potential temperature is assumed ffcm tﬁe very beginning. Let us take
advantége of the dynamic equaﬁions of . the atmosphere in the Variables T

(time), »)( (the ,)( axis is directed tOWdrd the east), dy (the é;

axis is directed toward the north), J’—* (the ratio of the

presauré to its standard value /z == 1000 mb). The horizontal componen:

of velocity (4, }/, the geopotential gé;:‘/;?cﬁ;— , the potentiai

 temperature (&  and the quanciﬁyJ W, equal to

+~a‘>¢/~f~\/j)

appeér as the unknown functions.
Here W is the veritcal velocity and .JQ is the density of the

"

air. fhe quantity w  is proportional to the‘indtvidual change of
pressure { W= B gF /.

The system of equations which interests us have been encountered oftén
recently in investigations by dynamic meteoroldgy (see, for example,'[7],
where it was also indicated by way oan conc1usion). Let us copy it:

The equations which express thelorizontal acceleration,

| . /4 Kol )t{ t‘\./é}“ 3 ‘9%
wo ‘5?-"“”’“”7 Wop =A== &
| 2V Y )V¢ W’QX e = — O



he equation of continuity

The equation of the adizbatic process

, S0 Py ) :Z,f" - m(:,:-w
(7) f{f s 5 T 0

Finally, the relation between (7 and the geopotential is found from the
hydrostatic eguation and the equation of state

/J,/*"/\ S [ N= O ZE5)

(8] ="K 24

In connection with this, that the angle between the directed normal:

to the isobaric surface and the vertical is very small, then the quantitic

L . 2 o . \ v s en
;?;) 3 ete., which appear in equations (&}5(6), differ cu
— : . . . e
little from those same values, determined in the system of variables o, <
. o e A
The relarive difference between, for example, the values of 2% Ly
I
caleulated under constant d or under constant ¢§ " usually do not

exceed 3 ~ 54. BHowever the presence of these small differences (and also

g Vg
 oar 3 W .
of course, that “t?;J? ‘ differs from 5_ ) leads to appreciable
ﬁzf :
siwplification of the form of the continuity equation, from which the
| ; L AF
small quantity b LD is eliminated.

Soae

It follows to note, that ghanges; under whe indicated substitution
of wvariable values of the derivativesjwith respect to time and the hbrizos
direction, of the potential temperature are significantly larger than the
corresponding values of the velocity components, and could reach 10~20%.
This fact is found in direct connection with the conclusion, mentioned

7



above, concerning the variability of the temperature (also the po;entiai
temperature) and the wind in various directions.
4. Let us,noﬁ construct a table, analogous to .[6], of the ovders of
the quantities,)appearing in equations (4)-(8). vFor'this we can profit
partially by the dat » of the work of {6],>introducing the correspon&ing
conversion factoré to the new vafiables. Some new results wers obtained
by means of thé treatment of actual data. Tables l,and.la contain the

nwean square deviations from the standard derivatives (divided differences)

s . S R = eV _.g¥

Pt . RO 4 7 . 8 frmne i I . Al

of the quantities ¢, V, /f, &, w and ,,Q_f o 0;{‘
(derivatives determined for constant JQ ) for thelayer from 0.5 up to

6~7 km. The space interval for the determination of the horizonta
differences of metecrological quantitis was chosen equal to A8 = S0/
B, the timey intexval equal to A7 == 12 hrs. and the interval throug
the variable § . 4 = 25, V. 75

In numerous cases the norm (the climatic value, averaged wiﬁh respect
to time and space) of the derivative proved to be significantly lass,
than its standard. However, the systematic increase of the geopotent1a1
énd‘potentiél temperature with the drop in pressure leads, for large scale
motion, to that cénclusion,that the norms of the derivatives of these
elements with respectto \f sigﬁificantly surpass'thé standards of
those same quantities. It‘is clear, that in the cases mentioﬁed; the
characteristic meaning of the quantity appears to be its norm. The
corfespondimg graphs of the tables contain two quantities;’ upward the
standard, below the norm. It foliows to keep in mind that, owing to the
geagraphicivariability of the derivatives of meﬁéorologiéal elements, the
mean value of the derivatiﬁe, computed in a definite region and for a
definite level (layer), can differ appreciably from the values, indicated

~8m
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TABLE X

andards‘derivatives (divided differences) of the horizontal velocity, geopetential

and potentisl temperature

2 2 L 2 2F 2 2" 22
)5 It 2§ af" 250t |35 at™ ! 2>
A | tt IV BT =] P
P P -0 BT s S 0 O Pgpr” 15 X0 GXRN /‘5’4
- w0 ) - el b -t} -zt O
il a7 P 7l ¥ A V-3 Vi 2 V(2 vy
- & . ’ o e ) '_..fl i
gx1d " gxm %{;’0’, \owio™ | 2zx007" sx /077 \sxpw0” |2X0T 1O
é .

iandard value of %: of tha component of vorticity .J7,f

" ‘TABLE Ya

(divided differences)

STArnoded | _2 2 2
(ALl 2 o 2f
& | o6 |z |2 25xw
Ay |2x07% | gxp0=" | pxw | 72007

ané¢ of their derivatives



in the table." Névertheless from our data, the relattve deviations of the

-

local wvalues of the derivative from its tabular value, ag a rule, do not

exceed 30%. One can expect the greatex discrepancies (from one-~half up to

double the tabular values) there, where the numerical factor 10 was not
1ndicated'in'the powér.-

5. Let us apply the vonticigy operation to the equation £or
horizontal aéceleration; for that let us differentiate equation (5) wﬁ.th :
respect to )C and let us suﬁtfact.from it (4).different@gted with respect

to ;:; . After alementary calculations we find
/

ALy Q_:_ﬂ-f " 9(.{).3 +*Z)
9y ot + L& o X é)g . Mw_f’ ( +‘
;W/av gvvaa Py
*ﬂf( /4 % o T oy of z’()/ 9‘?()”0

.In equation (9) the chief terms are underllned by the thick straight
line and the terms of first order of smallness relatlve to the chief terms
are underlined by the thin wavy line. Here the underlined conclusions
calculated'above are (L and‘ 16 . However, an estimation of all N

the values could be obtained directly from the tables, if we -consider, that

by (6>‘

S 3

s ama

PLVErIS
AT

2,

From equation (9) it is clear, that due to the presence of the

divergence 974he horizontal veloclity -+ 2y , the quantity
- 2;4 y
_j],{ does not appear to be an invariant even in the first approxima

1/

cion.

1/ 1t is obvious, that the first four terms of equation (9) could be

presented in the fom %.(li‘.ﬂ.f} ~, in so far as g does not depend
on +, X, £. -



The attempt of Rossby to introduce the special invariant quantity --
"the potential vorticity" is justified, as A. M. Obukhov [4] mentions,
only for serious simplifyimg'assumptions. The method of t?ansition to an
invariant qﬁantity consists in the application of equation (9) at such a
level, where the divergenece of the horizontal velocity is very small and
could be neglected, which is also another assumption given for the first

‘time by Rossby.

o 2Lt
We can show some difference of the standard values of 7~ .
and -éféﬁf‘  even by the mean data, given in table la. Actually, the
A, ' . — /0
standard value of %;él‘ is 94X /¢ , and the value of
s o
PR IR , - re v . e
Y a%j ts  Ix /O GGor f= 2K J007°
which corresponds to latitude 55°). | '
' ' ;o ""’L\; ¢ Z,:Q"f
If we look for the layer, in which the ratio jf ;i? ¢ Y
, g, '
would be equal to 0.5 in the mean, then the quantity  / f»_jjn/ ‘ih
such a layer appears to be invariant with an accuracy'to 5§b& .

Let us note, that the so‘qalled "barotropic scheme" of the precalculation
of pressure depends on the use of this quite approximate invariant.
Now let us introduce the invariant of the first approximation from

(9) and (7). For this let us neglect in (9) terms of the first order of

A
27 Jy . 2V 2

d -—, o [( - 2’&’ /
_sma%}ness T, SPaEN , let us replace g;? - ﬁ;‘ 4/
— %?’ ; and everywhere in the remaining terms let us replace the

horizontal velocity components by their geostrophie values

o _u o
(10) [é} = "L’“’y/‘ , ;f;« T 3K

Estimating the order of the quantities in equations (4) and (5),

we are satisfied, that

-10-



fé««z!; B pmig

B et

ey ey

Ane . .
s essentlally & qmtity ‘of order é . Therefore, when dedvcing the
invariant of tb.e first spproximation the replacement of the actual wind

by the geostrophic wind is cmmpletely natural.

So, with accuracy to the first order of smallness

R 3 Ly 2Ly ?...{'Qf w£) Y Ny} ,,_,.m

(9a) m)f +%J"( +1/ b 5y +W dj (£ ,)
26 26 28 4~ 28

(7e) 5= 7‘””3‘;( 1‘“.V,)L + W of =

- Lat us differentiate equation (7a) with respect to ‘f' . On the

utreng..h of (10) and (8

o 26, % 26 _ 2/_( PN 26 24 e )::

of )J >4 )/afax’ ;){;\/,/
f’\ 2026 2826,
= (a/ax VX gy )=

Therafore, designating 9,5/ = 7, we find
Jf '

2 27 27 f..,;\/"' IV

2 +/{’))’ 4 ‘;; )6; + ‘)\/ /49:;-—0
or : ‘
: 2(1’«*!/7) /“‘2_{,{%/’) J {gn/"/ (i’)b/’) [)n,“" .
whoSE T 54 V)f Tod T C

wll~



A1y

Further, let us divide (%a) by .Z;ﬂ‘*___,QJ; and present it in the

form

)ln /f/ﬂf) J/,‘//#.,ﬂ() )fn/«/f-—-‘zf) \'_Qéi(jf-,xlf}l?_w
. ‘ Ly S >~V w e
ao  oF : 7.0 )/ = ef Pr;

: Aéding (11) and (12), we find

Q[flz 7+ b /jf——ﬁf)_/v— [/,L/ ,t—,éw//v‘;{i‘{/]

% 5

(13) _ _ -
2 a b b )] 2 Tl L)) ]
AP L7 w1 1'3’)7—% W a;ﬁ[/”‘/ il 14 ‘//j""Q

Thus, the quantity _//,;L /7 7+ /éh (,Z %ﬂf,/
appeat‘ iovariant in the first approximation. It :Ls clear, that one can

say thd same sbout the quantity [/ F ),{) 39 .

6. To obrain the invariant of the second epproximation let us introduce

ﬁhe following substitution of variables
\ . X - X
(14) f=Xrz , (=7 %

Let us construct completely, for example, the calculations, connected
with the substitutions (14) for equation (7). Let e (T Y’J’ f/
in the new variables be presented as a function of /£ /7~ )’, £, f)

Then

“12-




(15) éj’ ) -L,."* of LAY _ iF L 24
ot T af + 2 o A gt

20 oF L 2F LN _oF 42
LT ’kdj *’Jdd o £ Y
DF v Ll L OF 4 df
2f Ly T oo £7
28 . _&F 2F L2k oF L Ju
28 ¢ j £afT o £
v Hence we cbtain that _
A6 > L ' _OF £y /{
At «’f*“ / ’L”)f T H“ A Jt zz /);
‘ g o, v Ll I s 2F
+{v— 2 a7 7 £* RZ).N( MW,
| £r o quweosd

L

Since the character:lst:ic values of
/ ' .
/ /5" % Jo =* , then the ratios

( (¢ 1is the radius of the earth) is

of the quantities, underlined by & wavy _une,
Negleéting them and using %), (5,

to the wind velocity present

& value of the order &% — 53

{10), we obtain

dO  3F 4 25 4y 2F L 2L
dt = 77 o G o0 Ty

' or replacing the temporary designation /: by & {but 9 has
already been axpressed as a function of the new variables) we shall have

~13~




(16) 0/67 »
0_ 28 4y 28 28 . w2t
dF = OF “G @j ""é/*ji] WP

Now lat us substitute into equation (9) ,‘7:,{ 3 é" g::{f

from the contiouity equation

‘ d L1 2 e WOV ‘\"
an gz (£5 F)'g}'“—n’”a\/ jx’ae" 3;/!"/‘)&'“

=0

[ Q—

As before smsll terms of the first orxder have been underlined by a

ﬂwavy iine.
Amlagousﬁy%ﬁ) =
V DA+
i’/i'*“ el ..-(,(,Lﬂf),,,g,/ 2 (4t e) +V ( }w
# g f Y Y

In order to transform the rest of the terms of (17) to the new

varisbles ; et us introduce the tempox:a.xy designations

lE %, g, 7= UIT, L7,
Wity )= WL f 1)

Then wa have

NT 57T ajﬁ;d/‘”,;;{,ew
(18) N
A _ W 2 2¥ oW L 24
AR AT e
N 2w v
e A
wlla

[-f-afxf.gv‘

v(T x;/ f)= V{f‘,éf, ,; r)



Further it follows to express, with the aid of the same such relation
all the derivatives of e and |/ in the new variables and put thor
into equation (18). However, since for calculations we shall neglect all
gquantities of .the order 6 in comparison with unity, the calculations

, 1By L 2 .
should be essentially simplified. As 7= 5% , yi Fx ete., &

considered themselves as quantities of the orxder ((,) , we can rewrite -

latter equation (18) thus:

R o W . PR ‘.
[and ! " ‘.'"]/ /'0 “; 71 / - S \}
PR ;lﬁfw ~ [ ) /) VA Y ~,C{‘(-¢}
= et Eles /) T a7 55 /.

AT
A ]
{jt'ﬁ .
. ! i
Here é ) denotes the qudntlty of the order & - relati
to the horizontal derivative of the quantity W .

Then we have

‘ N o, : -, cY /,-;:;‘ //
P ARPL P LGN Sy W (gﬁ X
. . . -—-—‘—- v-au e ” : \r L ) - N kd s :',o P "4""
(19) — A5y Toxsf YN 'z O
)w ) L’ v
The meaning of the designation L, > I is eclear from th
preceeding. Since the term in brackets has the order é relative to

the chief terms of equation (17), then with an accuracy to a value of the

‘ e PR ,
order s we can veplace the left side of (19) by [ \/ . Turni
then to the entry in (17) the quantity “—Qf Qﬁ; : , we are easily

. . . 5 ¥ .
convinced, that in this case for the expression g 75 in the new

variables still less accuracy is needed and it is possible to write

-15-
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{ Collecting &ll the results obtained, we bring equation (17) to the
form
‘g_j[ﬁﬂ:) ,J,bq_!) o /NJA ), /1-/—42,4
T 0y Tipan wip
. e W=
Here the old designation j\/= '  hasbeen restored, but it follows

2N .
to remember, that now VY  is presented as a function of T j, s f -

A

the néw varisbles we shall designate by & )

Let us transform aquation (8) to the new variables. We have ( /f’ in

“1

A A '
S 1E s 2V 28 4 /
ay  g=—FV (%*'9}%143/ f"’,{sz

The éaos:rophic relations {10) in the new variablas take the ‘form

iy ) o8 (- y 4 o 4oy
@:wz—g—f{/ / ,e)j Y

(22) ' ) ‘ ]

Then with accuracy to the second order of smallness we can persent (22)

in the form

23) Hy=~

~16-




It is not difficult to verify, that carrying out the same such
transformations in (21), we obtain the gquite accurate expression

. A )
s » ' / [~ A ..92 (¢ * Z /
(24) - G- %) ¢

g &/, -
If we find 3%; ox a/}{ from (24), then the error will
have the second order of smallness.
Now let us differentiate equatidn (16) with respect to jﬁ . Thg

on the strength of (23) and (24) the quantity

Xy 6 , Wi 26

From (20) and (25) we obtain

(20)(9;5{/f J. ”‘W@f/[j”“ﬂ)*ﬁ f

. , ’ ) ‘ (/
S0, again we obtained the invariant /// e .JQ/ P j/ | but i
the variables Z:') f,/{/ f and for the replacement of the actual

velocities 5// V' by the geostrophic relations. The characteristic of
the conservation of this quantity is fulfilled with considerable accuracy.
From the deduction it ,foilows, that this accu‘ﬁacy, under normal
conditions when.the flux of heat and the amount of ﬁurbulent transfet of
the motion in the free atmosphete is smalil, 1s completely sufficient for

all kinds of practical caleulations,
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In conclusion I would like to express thanks to I. A. Kibel for the -

“valuable jofnt discussions on the first stage of carrying out the present

work.
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